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Abstract. This note comments on the dimensioning aspect of small rectangular floor plans that is 
described by Mitchell et al (1976). It outlines the requirements for an optimization algorithm to be 
used for dimensioning architectural plans and shows that dynamic programming satisfies the 
requirements. It demonstrates that dynamic programming can handle the integer nonlinear 
programming problem to produce the global optimum and that the algorithm used by Mitchell et al 
cannot. Stability and sensitivity considerations are discussed and it is stated that, through the use 
of the concept of invariant embedding, all feasible assignments may be imbedded in a single 
dimensionless representation which may then be operated on directly by dynamic programming. 

I Introduction 
Mitchell et al (1976) have presented a particularly interesting paper on the synthesis 
and optimization of small rectangular door plans. Interesting because they have 
distinguished between the topological assignment of dimensionless spaces (synthesis) 
and the dimensioning of those assigned spaces (optimization). They have demonstrated 
that this approach is fruitful. 

This note will discuss only the optimization or dimensioning aspects of their paper. 
The problem of obtaining dimensions of spaces which satisfy various constraints as 
well as optimize a stated objective has been mentioned in a different context (Gero, 
1973). As a design methodology, optimization can be thought of as reverse simulation 
or simulation in reverse. Simulation deals with the situation where the present values 
of variables are specified and it is required to determine some future values. 
Optimization deals with the situation where some future values are specified (viz the 
optimal value of the objective function) and it is required to determine the present 
values of the variables which will produce that future—a classical design problem. 
In this context the notion of a single set of unique values that represents the 'solution' 
is facile. What is required are sets of values for solutions which produce results that 
allow the designer to examine the stability of the solution produced, since it is rare 
that the objective function is a full and adequate description of the global objective. 

The optimization technique to be used should, therefore, produce the globally 
optimal, as well as locally optimal or near optimal, solutions. Furthermore it should 
be more powerful with incremental values for the design variables, since this is the 
way variables present themselves in architectural planning, than for continuous values. 
Other issues will be left for later discussion. 

This note will present a method which will handle the problems stated by Mitchell 
et al (1976) to be soluble by the following techniques: 

(a) linear programming, (c) integer nonlinear programming, 
(b) nonlinear programming, (d) exhaustive enumeration. 

It will be noted that when using this method those problems categorized as linear 
programming problems can readily be solved by hand because of their simplicity. 

% Mitchell et al (1976) 
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Also the technique presented here can produce the globally optimum solution for the 
nonlinear programming problem and is more efficient with the integer nonlinear 
programming problem. 

The technique to be used is dynamic programming. 

2 Dynamic programming 
Dynamic programming is a sequential decisionmaking optimization technique based 
on Bellman's optimality principle: 

"An optimal policy has the property that whatever the initial state and initial 
decision are, the remaining decisions must constitute an optimal policy with regard 
to the state resulting from the first decision" (Bellman, 1957, page 83). 

Somewhat less formally, Aris (1965) has restated Bellman's principle: 

"If you don't do the best you can with what you happen to have got, you will 
never do the best you might have done with what you should have had" (page 16). 

The requirements that a problem must satisfy in order to be soluble by use of 
dynamic programming all relate to the user's ability to decompose the problem. 
These requirements manifest themselves as separability and monotonicity conditions 
(Bellman, 1957). 

2.1 Mathematical formulation 
In order to understand the process, the normal formulation will be given. 

Let Xj = {xlix2, ..., xk}j be the state variables at stage / which define the system 
at that state and stage, and let Dj be the decision at stage /. Then the return at stage/ 
is given by 

r,(XhD,)= gf(Xf), 

where g/(A}) is a functional of Xj at that stage and is used to define the objective 
function. The total return (to stage N) is given by 

R= I n{XhDj). (1) 
;'= i 

Thus the optimization problem may be presented as that of optimizing R subject to 
constraints on Xj. 

Let fjiXj) be the optimal return after / stages. Then 

!}(*,)= opt \ t r,(*i,A) 
Xlt ..., Xj YJ — 1 

om the separability of equatior 

fj(Xj) = opt j ^ opt^ [\ J ir,(Ai, A)] } • (3) 

>nce 

fj(Xj) = opt L(Xj, Dj) © opt I" t rtiXi, A)l} , (4) 
Xj v. Xlt ..., Xj-\ Li — 1 J ) 

From the separability of equation (1), equation (2) may be written as 

where © is a composition operator which stipulates separability. 
From the definition of f [equation (2)], equation (4) becomes 

fytf}) = Opt [>>(*,, Dj) © fy-itfy-i)] , / = 2 , ..., N , (5) 

which is the general recurrence relation. 
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Equation (5) with the restrictions on Xf provides the complete formulation, since 
fi(/Y|) can be determined from the initial conditions. In the problems considered in 
this note the composition operator is strictly addition. 

The dimension of the problem is given by the value of k denning the number of 
elements in the state vector. An increase in the values which can be taken by the 
separate state variables produces an exponential increase both in storage and 
computation times. A similar effect results from an increase in the dimension of the 
problem. However, there is only a linear increase in computation time for an increase 
in the number of stages (/V). 

Since optimal subpolicies and their associated returns are calculated at each stage, 
the sensitivity information is available. Similarly, stability analyses are possible with 
the use of the feasible solutions at the final stage. 

Unlike other mathematical programming techniques in which much of the formalism 
lies in the solution technique, the conceptual formulation of dynamic programming 
problems is more critical than the solution process (Gcro, 1976). This is probably one 
of the reasons for its lack of application to design problems in architecture and building. 

3 Dimensioning the 'mobile home' 
The dimensioning of the 'mobile home* of section 6.8 of Mitchell et al (1976), which 
was carried out by linear programming, will be solved by dynamic programming. 

Figure 1 shows the plan, which is dimensionlcss in one direction; the aim is to 
determine the values of the dimensions represented by xl} „., x1 in order to minimize 

7 
the length of the side, that is, minimize S xt subject to the restrictions on room 
areas listed in table 1. This may be formulated as a one-dimensional dynamic program 
for which 

Xj ~ (*}/ ~ xi » g7(Ay) = Xj , and f , ^ ) = *i . 

By carrying out constraint processing on the restrictions on room area, the 
constraints on the values of the individual state variables may be determined in 
addition to the constraints on combinations of the variables. 
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Figure 1. Plan for a 'mobile home' trailer unit, dimensionless in one direction. 

Table 1. Constraints on areas of rooms. 

Room 

1 Bath 1 
2 Bed 2 
3 Utility 
4 Kitchen 
5 Dining 

Minimum 
area (ft2) 

75-0 
160-0 
50-0 

150-0 
100-0 

Maximum 
area (ft2) 

80-0 
180-0 
80-0 

200-0 
125-0 

Room 

6 Bed 1 
7 Hall 
8 Living 
9 Bath 2 

10 Family room 

Minimum 
area (ft2) 

180-0 
— 

180-0 
60-0 

100-0 

Maximum 
area (ft2) 

200-0 
60-0 

200-0 
80-0 

125-0 
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Thus the problem becomes 

fy(x/)' = min [xf + fj-.1(xi-1)] 
l < Xj < UX 

where 
/ is the lower constrained value, and 
u is the upper constrained value. 
The values of / define the stages and the values of Xj define the states. Solving the 
problem by hand takes a few minutes and produces the following results for the 
optimal policies. 

xx = 6-67 , 

xs = 6 - 9 4 ^ 5 - 8 3 

= 8-33 , = 6-67 

x6 = 5-56 «• 6-67 , 

x4 = 4-17 ^ 5 - 2 8 , 

xn = 9 - 4 4 ^ 8 - 3 3 , 

which all have the optimal return, that is length, of 47-78. 
Figure 2 shows the optimal return at each stage plotted against the normalized 

optimal policies. What is clear from this figure and the results is that there are an 
infinite number of optimal solutions if the variables are allowed to vary continuously, 
a situation not picked up by the linear programming algorithm used by Mitchell et al. 
However, the information is vitally important to the designer because of the flexibility 
it gives him. The stability of the solution may be even more important than a single 
varied solution. 

From this example the power of the dynamic programming approach can be seen. 

50n 
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*. 30 A 
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7 = 1 

0 1-0 Optimal policies for each stage (normalized) 
Figure 2. Optimal return plotted against the normalized optimal policies indicating the flexibility 
available to the designer (the stages are numbered). 

4 Dimensioning the 'small apartment unit,(1) 

The dimensioning of the 'small apartment unit' of section 7 of Mitchell et al, which 
they carried out by using a sequence of local linear programming problems to solve 
the nonlinear problem via a local-gradient stepwise-correction-descent algorithm, will 
be solved by dynamic programming. 

4.1 Dynamic programming formulation 
One of the assignments, shown in figure 3 in dimensionless form, will be used to 
demonstrate the approach. This will be formulated as a four-dimensional dynamic 

W The problem as stated by Mitchell et al (1976) contains two errors. The first relates to the 
objective function; all cost multipliers are unity and not the values shown on page 67. The second 
relates to a set of additional constraints to ensure that wall segments which must accommodate a 
door have a minimum length of 3-0 ft. The problem described here is the corrected problem. 
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program with xf the stage variable and Xf the state vector 

Xf = {-v;, .»>,, r 2 , r.W / r" 1 5 . 

The return fy(X/) can be expressed as 

\XfiXf) - IC.v# ,-Kv, 2 H r r H ' 2 ) " K v / j i y M . ^ . ,+A-, ,x)yx »- (AV .,-Kv, 4 ) r 2 

*!- .V/ 5(.r t '*• .v'a) + (A*/ ....» T A, ,. 5).r3 -I- (.v, 2 + v, A*'.i I . 

for / - 1 5 . 

where A*/ (/ =• 1 5) denotes A*, ./• / "• 0 and A*/ / takes the prescribed value. This 
return is simply the construction cost, as stated by the authors. 

The constraints on the state variables and combinations of them are derived from 
the information in table 2. The remainder of the formulation follows directly with 
the optimization to be carried out over minimization of the return. 
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Figure 3. Dimensionless representation of small apartment unit. 

Table 2. Constraints on the state variables of rooms. 

Room Minimum Maximum Minimum Maximum Minimum Maximum Maximum 
length (ft) length (ft) width (ft) width (ft) area (ft2) area (ft2) proportion ratio 

1 Living 
2 Kitchen 
3 Bath 

4 Hall 
5 Bed 1 

6 Bed 2 

7 Bed 3 

8-0 
6 0 
5-5 

0 

9-0 

8-0 

10-0 

2 0 0 
1 8 0 
5-5 

15-0 
20-0 

18-0 

17-0 

8-0 

6-0 
8-5 

3-5 
9-0 

8-0 

10-0 

20-0 

18-0 
8-5 

6-0 
20-0 

18-0 

17-0 

150-0 

50-0 

-
0 

100-0 

100-0 

100 0 

300 -0 

120-0 

72-0 
180-0 

180-0 

180-0 

4.2 The solution 
As is often the case in architectural planning, when elementary returns are used in the 
objective function, a large number of invariances develop between two variables in the 
optimal solution; these invariances are normally not feasible when large increments 
are used although a number may exist when small but possibly realistic increments 
(such as half-brick dimensions) are used. An example of these invariances are those 
between x3 and x4, and x2 and y2 in this problem. 

The optimal solution. One representation of the optimal solution is shown 
dimensioned in figure 4. However, the value of the objective function is the same as 
that arrived at by Mitchell et al There is a range of values which produces the 
invariances described above. This is shown by dynamic programming but, apparently, 
not by the nonlinear programming algorithm used by the authors. 

file:///XfiXf
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4.3 Stability and sensitivity of the solution 
By utilizing dynamic programming, it is a simple matter to carry out stability and 
sensitivity analyses of the solution. If allowance is made for the invariances mentioned 
earlier, the optimal solution is very stable because of the combined restrictions on the 
bathroom and the minimum length of wall segments. However, if the length restriction 
on the bathroom wall is allowed to change from specifying either 5-50 ft or 8-50 ft 
to range from 5-50 ft to 8-50 ft in one direction only, when the other is still 8-50 ft, 
that is, allowing the bathroom area to increase, then bifurcation takes place and the 
bathroom pivots. The new optimal solution has an optimal value of the objective 
function of 627-00 and the state variables have the following typical values (one set 
from the set of invariances). 

*! = 6-00 , 

yx = 10-00 , 

x2 = 7-50 , 

y2 = 3 -50 , 

x3 = 3-00 , 

y3 = 8-50. 

x4 = 3 0 0 , xs = 9-00 

This information is of considerable importance to the designer because of the freedom 
it gives him. It should be obvious that it is a simple matter to analyze the sensitivity 
to perturbations in the state variables of the value of the objective function at the 
optimal solution. 

I 7-00 I 6-50 I 4-50 I 4-00 I 9-00 I 

5-50 

5-61 

10-00 

Figure 4. One set of values of the dimensions at the optimal solution. 
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5 Invariant imbedding 
An important feature of dynamic programming is that the solution is specified not 
just along the optimal-decision path but for every admissible state at every stage. 
Thus, in solving one problem, the solutions to a great many other problems have been 
found. Bellman (1961) refers to the process of solving an entire set of problems in 
order to solve the original problem as "invariant imbedding". This concept can be 
used to advantage in the dimensioning problem. For example, since the marginal 
return for 'bed 1' is the same as for 'bed 2', if the lengths of the walls of each are 
allowed to vary from 8 to 20, then both will be embedded in this problem and both 
problems can be solved in one pass. By making use of the concept of 'offset 
increments' (Gero, 1973), in addition to the straight increments, for the state variables 
it is possible to determine the minimum set into which all the feasible assignments 
from an adjacency graph can be imbedded. It may be possible to use this notion to 
determine the feasible assignments without recourse to exhaustive enumeration, 
although such an approach has not been explored here. 
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Figure 5 shows the dimensionless representation of the minimum-set assignments 
into which all the feasible solutions described by the authors for the above problem 
may be embedded. Figure o demonstrates how the assignment shown in figure 3 may 
be arrived at from the minimum set by using offset increments. 
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Figure 5. The minimum set assignment in 
dimcnsionlcss form into which all feasible 
solutions may be embedded with the use of 
offset increments. 
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Figure 6. The generation of the particular 
assignment of figure 3 from the minimum set: 
y2 = ()•() with xm\ offset at y^ and yA. 

6 Discussion 
Dynamic programming provides a convenient and efficient means of solving 
dimensioning problems which are thought of as integer nonlinear programming 
problems. It provides not only the optimal solution but also near optimal solutions 
so that stability and sensitivity analyses may be carried out. It becomes more 
efficient as the number of constraints increases, unlike many other procedures. With 
the use of the concept of invariant embedding, a large range of problems can be solved. 

Dynamic programming can readily handle more complex objectives, including the 
one stated by Mitchell (1975)—the minimization of heat loss (in that case, the 
solution produced by Mitchell is not the global optimum). The objective need not be 
stated in terms of the design variables but in terms of associated properties. This is 
of significance because it allows for the addition of various objectives, provided that a 
dimensionless or homogeneous representation can be derived. For example, if 

objective function 1 = min(construction cost) = l\(Xj) , 

objective function 2 = min(lifetime energy requirements) = f2(P/) , 

where Pj are the properties associated with Xh then 

t . ,. c .. , . .. c .. , . discounted present worth 
new objective function = objective function 1 4- c , . ^. n x. ^ • 

of objective function 2 

It is an elementary matter to include stochastic considerations in the objective by 
using the expected values of the stochastic variables (Gero and Dudnik, 1977). Thus, 
the problem of dimensioning a plan to minimize the construction cost and the 
discounted present worth of the future energy requirements, subjected to a stochastic 
increase over the horizon, can be handled. Additionally, the objective and the 
properties associated with design variables can both be adaptive in a conditional sense. 

Nonrectangular spaces can be readily handled without the device of representing 
them as adjacent rectangles. For the dimensioning problem the number of component 
spaces can increase considerably and still be computationally feasible. The multistorey 
case as described by Mitchell et al can be solved without difficulty. 
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